A new implementation of the finite amplitude method (FAM) for the solution of the relativistic quasiparticle random-phase approximation (RQRPA) is presented, based on the relativistic Hartree-Bogoliubov (RHB) model for deformed nuclei. The numerical accuracy and stability of the FAM -RQRPA is tested in a calculation of the monopole response of 22 O. As an illustrative example, the model is applied to a study of the evolution of monopole strength in the chain of Sm isotopes, including the splitting of the giant monopole resonance in axially deformed systems.
I. INTRODUCTION
Vibrational modes and, more generally, collective degrees of freedom have been a recurring theme in nuclear structure studies over many decades. An especially interesting topic that has recently attracted considerable interest is the multipole response of nuclei far from stability and the possible occurrence of exotic modes of excitation [1, 2] . For theoretical studies of collective vibrations in medium-heavy and heavy nuclei the tool of choice is the random-phase approximation (RPA), or quasiparticle random-phase approximation (QRPA) for open-shell nuclei [3] . The (Q)RPA equations can be obtained by linearizing the time-dependent Hartree-Fock (Bogoliubov) equations, and the standard method of solution presents a generalized eigenvalue problem for the (Q)RPA matrix. As the space of quasiparticle excitations can become very large in open-shell heavy nuclei, the standard matrix solution of the QRPA equations is often computationally prohibitive, especially for deformed nuclei. In addition to the fact that a very large number of matrix elements has to be computed, the calculation of each matrix elements is complicated by the fact that most modern implementations of the (Q)RPA are fully self-consistent, that is, the residual interaction is obtained as a second functional derivative of the nuclear energy density functional with respect to the nucleonic one-body density. Since energy density functionals can be quite complicated and include many terms [4, 5] , this produces complex residual interactions and the computation of huge (Q)RPA matrices becomes excessively time-consuming.
Although several new implementations of the fully self-consistent matrix QRPA for axially deformed nuclei have been developed in recent years [6] [7] [8] [9] [10] , and even applied to studies of collective modes in rather heavy deformed nuclei, the huge computational cost has so far prevented systematic studies of multipole response in deformed nuclei. An interesting and very useful alternative solution of the (Q)RPA problem has recently been proposed, based on the finite-amplitude method (FAM) [11] . In this approach one avoids the computation and diagonalization of the (Q)RPA matrix by calculating, instead, the fields induced by the external one-body operator and iteratively solving the corresponding linear response problem. The FAM for the RPA has very successfully been employed in a self-consistent calculation of nuclear photo absorption cross sections [12] , and in a study of the emergence of pygmy dipole resonances in nuclei far from stability [13] . More recently the FAM has been extended to the quasiparticle RPA based on the Skyrme Hartree-Fock-Bogoliubov (HFB) framework [14] [15] [16] . The feasibility of the finite amplitude method for the relativistic RPA has been investigated in Ref. [17] .
In this work we report a new implementation of the FAM for the relativistic quasiparticle random-phase approximation (RQRPA), based on the relativistic Hartree-Bogoliubov (RHB) model for mean-field studies of deformed open-shell nuclei [18, 19] . The standard matrix RQRPA for spherical nuclei was formulated in the canonical single-nucleon basis of the RHB model [20] , extended to the description of charge-exchange excitations (pn-RQRPA) in Ref. [21] , and further extended to deformed systems with axial symmetry in Ref. [8] . Here we develop a FAM method for the small-amplitude limit of the time-dependent HartreeBogoliubov framework based on relativistic energy density functionals and a pairing force separable in momentum space, and perform tests and illustrative calculations for the new model.
The paper is organized as follows. In Sec. II we briefly recapitulate the small-amplitude limit of the time-dependent RHB model and present a new implementation of the FAM for this particular framework. Numerical details and test calculations are included in Sec. III, and in Sec. IV we apply the model to a study of the evolution of monopole strength in the chain of Sm isotopes. Section V summarizes the results and ends with an outlook for future applications. Details on the expansion of single-nucleon spinors in the axially symmetric harmonic oscillator basis, calculation of the matrix elements monopole operator, time-odd terms in the FAM equations, and RHB and FAM equations with time-reversal symmetry, are included in Appendix A-D.
II. SMALL AMPLITUDE LIMIT OF THE TIME-DEPENDENT RHB MODEL AND THE FINITE AMPLITUDE METHOD
The relativistic Hartee-Bogoliubov (RHB) model [18, 19] provides a unified description of nuclear particle-hole (ph) and particle-particle (pp) correlations on a mean-field level by combining two average potentials: the self-consistent nuclear mean field that encloses all the long range ph correlations, and a pairing field∆ which sums up the pp-correlations. In the RHB framework the nuclear single-reference state is described by a generalized Slater determinant |Φ that represents a vacuum with respect to independent quasiparticles. The quasiparticle operators are defined by the unitary Bogoliubov transformation, and the cor-responding Hartree-Bogoliubov wave functions U and V are determined by the solution of the RHB equation:
In the relativistic case the self-consistent mean-field is included in the single-nucleon Dirac
Hamiltonianĥ D , ∆ is the pairing field, and U and V denote Dirac spinors. In the formalism of supermatrices introduced by Valatin [22] , the RHB functions are determined by the Bogoliubov transformation which relates the original basis of particle creation and annihilation operators c n , c † n (e.g. an oscillator basis) to the quasiparticle basis
In this notation a single-particle operator can be represented in the matrix form:
with
In particular, for the generalized density R:
where the density matrix and pairing tensor read
respectively, and the RHB Hamiltonian is given by a functional derivative of a given energy density functional with respect to the generalized density:
The evolution of the nucleonic density subject to a time-dependent external perturbation F (t) is determined by the time-dependent relativistic Hartree Bogolyubov (TDRHB) equation:
For a weak harmonic external field
characterized by the small real parameter η, the density undergoes small-amplitude oscillations around the equilibrium with the same frequency ω, that is, in the small-amplitude limit of the TDRHB:
and therefore
The matrices δR(ω) and δH(ω) are not necessarily Hermitian. By linearizing the equation of motion (8) with respect to η, one obtains the linear-response equation in the frequency domain:
In the stationary quasiparticle basis the matrices H 0 and R 0 are diagonal
and, because the density matrix is a projector (R 2 = R) at all times, only the twoquasiparticle matrix elements of the time-dependent matrix δR do not vanish in this basis
This relation defines the QPRA amplitudes X µν and Y µν . In the quasiparticle basis Eq.
(12) takes the form
Since δH(ω) depends on δR(ω), that is, on the amplitudes X µν and Y µν , this is actually a set of non-linear equations. The expansion of δH 20 µν and δH 02 µν in terms of X µν and Y µν up to linear order leads to the conventional QRPA equations. These equations contain second derivatives of the density functional E[R] with respect to R as matrix elements. For deformed nuclei in particular, the number of two-quasiparticle configurations can become very large and the evaluation of matrix elements requires a considerable, and in many cases prohibitive, numerical effort. In many cases this has prevented systematic applications of the conventional QRPA method to studies of the multipole response of medium-heavy and heavy deformed nuclei.
In the finite amplitude method for the QRPA [14, 15] , the amplitude X µν and Y µν are formally expressed
and δH(ω) is calculated by numerical differentiation
using a stationary RHB code for the evaluation of H(R). We start from Eq. (14) with δR(ω) in the stationary quasiparticle basis. To use it in the stationary code it has to be transformed back to the original single-particle basis
and one finds
In this basis we derive the matrix elements of δH(ω) in Eq. (19)
and δH 20 (ω) and δH 02 (ω) are obtained by transforming back to the quasiparticle basis
The explicit expressions for δH 20 and δH 02 read
Eqs. (17) and (18) are solved iteratively using the Broyden method [15] , and the transition density for each particular frequency ω reads
The transition strength is calculated from
and in the present study we only consider isoscalar monopole transitions induced by the single-particle operator
III. NUMERICAL IMPLEMENTATION AND TEST CALCULATIONS
The FAM for the relativistic QRPA is implemented using the stationary RHB code in which the single-nucleon Hartree-Bogoliubov equation (1) is solved by expanding the Dirac spinors in terms of eigenfunctions of an axially symmetric harmonic oscillator potential (cf.
Appendix A). The expressions for the matrix elements of the monopole operator in this basis are given in Appendix B.
In the present illustrative study we employ the relativistic functional DD-PC1 [23] . Starting from microscopic nucleon self-energies in nuclear matter, and empirical global properties of the nuclear matter equation of state, the coupling parameters of DD-PC1 were fine-tuned to the experimental masses of a set of 64 deformed nuclei in the mass regions A ≈ 150 − 180
and A ≈ 230 − 250. The functional has been further tested in calculations of ground-state properties of medium-heavy and heavy nuclei, including binding energies, charge radii, deformation parameters, neutron skin thickness, and excitation energies of giant multipole resonances. A pairing force separable in momentum space [24] :
will be here used in the pp channel. By assuming a simple Gaussian ansatz p(k) = e −a 2 k 2 , the two parameters G and a were adjusted to reproduce the density dependence of the gap at the Fermi surface in nuclear matter, calculated with the pairing part of the Gogny interaction. When transformed from momentum to coordinate space, the interaction takes the form:
where R = 1 2
(r 1 + r 2 ) and r = r 1 − r 2 denote the center-of-mass and the relative coordinates, respectively, and P (r) is the Fourier transform of p(k):
The actual implementation of the FAM does not, of course, depend on the choice of the relativistic density functional or the pairing functional.
To avoid the occurrence of singularities in the right-hand side of Eqs. (17) and (18), the frequency ω is replaced by ω+iγ with a small parameter γ, related to the Lorentzian smearing Γ = 2γ in RQRPA calculations. Eqs. (17) and (18) and the pairing field, whereas the QRPA codes uses explicit expressions for the matrix elements of the residual interaction. In Fig. 1 we display the isoscalar strength functions of the monopole operator (24) - (26) . The relative accuracy of the strength function is defined as
In practice the accuracy can only be improved by reducing η down to 10 −6 . A further decrease of this parameter introduces numerical noise which deteriorates the accuracy of the FAM method, and thus η = 10 −6 has been used throughout this study.
IV. ILLUSTRATIVE CALCULATIONS: SAMARIUM ISOTOPES
Collective nucleonic oscillations along different axes in deformed nuclei and mixing of different modes lead to a broadening and splitting of giant resonance structures [27] . The giant dipole resonance (GDR), for instance, displays a two-component structure in deformed nuclei and the origin of this splitting are the different frequencies of oscillations along the major and minor axes. In axially deformed nuclei the isoscalar giant quadrupole (ISGQR)
resonance displays three components with 28, 29] , where K denotes the projection of the total angular momentum I = 2 + on the intrinsic symmetry axis. The isoscalar giant monopole resonance (ISGMR) in deformed nuclei mixes with the K π = 0 + component of the ISGQR and a two-peak structure of the monopole resonance is observed [30, 31] . In a recent study of the roles of deformation and neutron excess on the giant monopole resonance in neutron-rich deformed Zr isotopes [32] , based on the deformed Skyrme -HFB + QRPA model, the evolution of the two-peak structure of the ISGMR has been investigated. The theoretical analysis has shown that the lower peak is associated with the mixing between the ISGMR and the K π = 0 + component of the ISGQR, and the transition strength of the lower peak increases with neutron excess. Here we apply the FAM method for the rela- for the lower component of the Dirac spinors [33] . It has been demonstrated in Ref. [15] that by using N max = 18 oscillator shell basis one obtains convergent results even for the superdeformed states. in the energy intervals 10 < E < 14.5 MeV for the low-energy (LE) peak, and 14.5 < E < 20
MeV for the high-energy (HE) peak. The HE peak of the monopole strength distribution is located slightly above the energy of the ISGMR in the spherical isotope 144 Sm, whereas
the LE peak appears in the energy region where the giant quadrupole resonance in 144 Sm is located (E ISGQR = 14 MeV). With increasing deformation (cf. energies [34] [35] [36] . The splitting of the K π = 0 + strength in deformed systems can be studied in more detail by performing a deformation-constrained calculation for a single isotope. In Fig. 6 ). The repulsion between the LE and the HE components of the K π = 0 + distribution is consistent with the result shown in Fig. 1 of Ref. [37] . We note δρ tr (r) = δρ tr (r ⊥ , z).
By projecting the two dimensional intrinsic transition densities δρ tr (r ⊥ , z) onto good angular momentum, one obtains the transition densities in the laboratory frame of reference. particular value of the angular momentum J ≥ K, the projected transition density reads
with the radial part of the projected transition density
Although the last equation is not exact, it yields accurate results for large deformations.
As an example we chose two axially-constrained deformed configurations of As an illustrative example, the FAM-RQRPA model has been applied to an analysis of the splitting of the giant monopole resonance in deformed nuclei. In particular, we have investigated the evolution of the K π = 0 + strength in the chain of samarium isotopes, from the proton-rich 132 Sm, to systems with considerable neutron excess close to 160 Sm. To study the splitting of the monopole strength in more detail, we have performed a deformationconstrained FAM-RQRPA calculation for the nucleus 144 Sm. A significant mixing of the monopole and quadrupole modes has been found for both the low-energy and high-energy components of the K π = 0 + strength, consistent with the standard interpretation of the splitting of monopole strength in deformed nuclei.
The advantage of developing and employing the FAM-RQRPA formalism would, of course, be limited unless it is extended to higher multipoles. This development is already in progress.
Another important extension of the FAM-RQRPA model is the one to the charge-exchange channel. The FAM for the charge-exchange RQRPA will enable the description and modeling of a variety of astrophysically relevant weak-interaction processes, in particular beta-decay, electron capture, and neutrino reactions in deformed nuclei. Since many isotopes that are crucial for the process of nucleosynthesis display considerable deformation, a reliable modeling of elemental abundances necessitates a microscopic and self-consistent description of underlying transitions and weak-interaction processes, and this can be attained using the charge-exchange extension of the framework introduced in this work.
Using this relation one obtains 
The corresponding elements of the Hamiltonian matrix read α|σ · V|β = α|(e −iφ σ + + e iφ σ − )V ⊥ + i(e iφ σ − − e −iφ σ + )V φ + σ z V z |β . 
